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The diffusion of a bulk absorbed gas species out of spherical pebbles is studied analytically, 
stressing the usefulness of the time integral of the diffusion coefficient for analysis of arbitrary 
temperature schedule experiments. Highly accurate approximations are introduced where the 
numeric evaluation of the analytic expressions takes considerable time. A method is proposed to 
extract the diffusion kinetic parameters from a single linear heating ramp, namely, the activation 
energy of the diffusion coefficient and the ratio of the corresponding preexponential factor to the 
radius of spherical pebbles. 
 
 
The release of a gas from a material in round pebble 
form is of interest towards the generation of tritium by 
neutron bombardment of lithium ceramics. The release 
kinetics from several oxides has been studied and inter-
preted in terms of surface desorption control1. 
However, a discussion remains regarding the possibil-
ity of the release being controlled by the bulk 
diffusion2,3.  
As a tool for these studies or for other diffusion con-
trolled processes, in the form of a gas, or into a liquid, 
the diffusion equation is solved, in this work, for an 
arbitrary temperature schedule. Numerical methods are 
introduced to extract the process kinetics from isolated 
peaks in a single linear temperature ramp. The method 
is exemplified by application to somewhat realistic 
synthetic data. For completeness, the solution of the 
diffusion equation will be outlined, next, with emphasis 
on its time dependence. 
The equation for diffusion of a gas out of spherical 
pebbles can be written as 
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where u(r,t) is the bulk gas concentration, r is the 
radius, t is the time, koκ(T) is the diffusion coefficient, 
with ko carrying the dimensions of length squared per 
unit time, and κ(t) being the adimensional temperature 
activated factor 
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Here, Ed is the diffusion activation energy, kB is the 
Boltzmann constant, and T is the absolute temperature.  
Assuming spherically symmetric boundary conditions, 
Eq. (1) reduces to an equation involving the radius, r, 
and the time, t, only, which can be solved by separation 
of variables. Writing u(r,t) = X(r)Y(t), where 
X(r) = x(r)/r, and demanding that X be finite at the 
origin leads to x(r) in terms of sin(cr), where –c2 is the 
separation constant. 
The equation for Y(t)  
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can be turned into a simple equation with constant 
coefficients with the substitution4
∫=Λ t dttt 0 )()( κ , (4)
which is a monotonically increasing function of time. 
Introducing the physical assumptions, the case of bulk 
limited release (BLR) is considered, where the 
hindrance to the gas release is the diffusion to the 
surface; from which the gas desorbs readily. The latter 
condition is expressed, for a sphere of radius a, by the 
condition u(a,t) = 0, from which the separation constant 
–c2 follows. 
Then, assuming a uniform gas concentration, uo, at 
t = 0, throughout the sphere, determines the coefficients 
in the series expansion of u as 
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where the adimensional release coefficient, 
λ(t) = (ko/a2) Λ(t).  
The total gas released up to a certain value of the 
release coefficient, λ, is obtained as the initial charge, 
Uo = 4 h
sphere. The resulting expression, normalized to Uo s 
πa3/3, minus the integral of Eq. (5) over t e 
, i
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Eq. (6) is well known for isothermal processes, and the 
extension to arbitrary temperature schedules, by the use 
of the λ parameterization, is a direct consequence of 
transformation in Eq. 
the 
(4). Next, a useful approximation 
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The expressi d short 
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on (6) can be approximate  for 
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This approximation matches c(λ) within the machine 
precision used for this work (12 significant digits) up
the point where λ ~ 0.05, corresponding to c(λ) ~ 0.6. 
From that point on, the deviation increases rapidly, 
reaching 0.01% when c(λ) ~ 0.84, and 1% when  
c(λ) ~ 0.96. Clearly, these values depend on the system
parameters (k
 to 
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and it deviates down, by 1% by c(λ) ~ 0.055, and by 
5% around c(λ) ~ 0.302. In contrast, it can be shown 
that in surface desorption limited gas release the same 
expression approaches a value of 1. This contrast has 
been pointed out as a means of distinguishing bulk 
limited from surface desorption limited tritium release 
from ceramic pellets in isothermal experiments. 
Expressing the released charge in terms of λ  provides 
an extension of that observation to arbitrary 
temperature schedules. Thus, towards the use of Eq. (8
in an isothermal release experiment, the initial 
temperature rise does not represent a limitati
source of error,  as long as λ is co
) 
on or 
nsistently evaluated 
se  
is obtained by differentiation of Eq. (6)  
along the temperature transient and into the 
predetermined isothermal stage. 
The normalized bulk diffusion limited gas relea  rate
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Where, to an accuracy of 10-6,  
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ϑ  is the elliptic theta function of the 
third kind5 of which numerical implementations exist. 
In Eq. (10), the top expression may be used over most 
of the release peak, where x is in the range of 10-3 to 
10. At the high temperature end of the peak, with x>10
, the top expression, may run into round off errors. If a 
numerical implementation of the theta function is not
available, a few tens and up to several
 
 
 thousand terms 
tion follows 
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are required for convergence of the series at the low 
temperature side of the release peak. 
Alternatively, a highly accurate approxima
 Eq. (7),  
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when R has dropped past the release peak by 10% 
(22%) of the maximum value. 
The time, tp, at which a release maximum occurs can
obtained from Eq. (9). However, the peak of a line
ramp, T(t) = To+βt,  i
range of the approximation (11), from which
pler expression  
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results, where Tp = T(tp), and λ should not be written 
terms of T, since λ(T) is not necessarily single-v
Eq. (12) is 
temperature schedules, with β = dT/dt > 0, and 
dβ/dt = 0. 
The expression (9), is valid for arbitrary (analytical or 
experimental) temperature profiles. By packing the 
time dependence of the diffusion coefficient into λ(t) it 
is not necessary to solve the differential equations for 
each T(t) schedule. Furthermore, given the easy of 
modern computerized data acquisition, Eq. (4) can 
evaluated along an arbitrary experimental temperature 
schedule, and the result fed to Eqs. (5) or (9) to fit 
model parameters or other analysis. Such fitting 
without the use of the λ(t) parameterization would, in 
general, imply the numeric solution of the corre-
 2
the trial values of the parameters. In comparison, the 
use of Eq. (4) in the otherwise analytical expressions 
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the isothermal process, T1(t) = To, and Λ1(t) = κ(To) 
For linear ram
requires a much simpler numerical integration. 
Towards the use of the methods given above, the time 
integral of the diffusion coefficient is necessary. This i
given, next, for the two most used temperature sc
ules: the isothermal and linear ramp processes.  
In 
t. 
ps, T2(t) = To + βt,  
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erical evaluation of the exponential integral, 
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and add one half of the next term. 
For most applications, where essentially no release 
occurs at To, L2(To) can safely be ignored in Eq.(13)
The release rate and charge curves shown in Fig
have been calculated using the expressions and 
approximations given above. The release rate, 
normalized to its peak value, is calculated with 
k /a  = 5·10  s , β = 5 °C/min., and E  = 1.219 eV
(28.1 kcal/mole), wh
o
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position at 450 °C. 
The peak temperature Eq.(12) allows for exploring the 
behavior of Tp against variations in the system parame
ters. Thus, while keeping other parameters as written 
above, varying the activation energy over a wide r
(0.7 to 4 eV), the peak temperature rises close to 
linearly from 153 to 1976 °C, and the peak occurs
a narrow range, 66.59 to 66.97%, of the releas
charge. Varying the heating rate from 0.01 to 
10 °C/min. moves the peak temperature from 287 to
474 °C, while the released charge diminishes from 
67.82, to 66.56%. Over this heating rate range, the 
slope of ln(β) vs.1/Tp is nearly constant. The evaluation
of this slope, as the corresponding implicit derivative, 
using Eq. (12), contains several terms of similar value, 
involving the system parameters, and the values of T
κ(Tp) and λ(Tp), from which no clear relation to the 
system parameters has been noted. However, if other 
methods should fail, that expression could be solved 
for the activation energy, if a few (β,Tp(β)) pairs can
determined
estimated. 
 
Fig. 1. Bulk limited gas release from spheres of radius 
1 mm, with ko = 500 cm2/s, and Ed = 1.219 eV. Using 
the coefficient λ as abscissa makes the released charge 
curve applicable to all systems. The bottom dotted line 
eak BLR curve, the function c(λ) can 
be identified
o
is the numerical approximation 
A procedure has been devised for analyzing BLR data. 
Given a single-p
 as 
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experiment, and Uo = U(t=0).  
Then, Eq. (6), or, over most of the release peak, the 
approximation (7), can be solved, numerically, for λ(t),
of which the time derivative is interpreted as koκ(t)/a2. 
Finally, the Arrhenius analysis of the latter expre
provides -Ed/kB as the slope, and ln(kB
ested using the logarithm of the 
c(t) and λ(t) curves. 
o/a ) as the 
1/T → 0 intercept. The numeric implementation of this 
procedure has been t
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Fig. 2. Arrhenius analysis of noisy synthetic 
BLR data. Curve (a): from exact calculation, 
(b): from Gaussian noise, 2.5% of value + 2.5% 
of peak value added, (c): from BLR curve trun-
cated at 1% of peak maximum, plus same noise 
as in (b). Curves (b) and (c) shifted upwards by 
1 and 2, respectively, for clarity. Curve R: noisy 
BLR leading to analysis in (b). 
This approach is sensitive to noise, and to errors in the 
determination of the initial gas charge, Uo, which lead 
to artifacts at both the low and high ends of the 
temperature range. These sensitivities have been tested, 
as shown in Fig. 2, by introducing errors on synthetic 
data calculated for spherical pebbles, with 
ko/a2 = 5·1014 s-1, β = 5 °C/min., and Ed = 2.505 eV 
(57.73 kcal/mole), which is chosen to set the peak 
position at 450 °C. The deviation of the calculated 
ko/a2, and Ed from the input values has been controlled 
by restricting the final Arrhenius analysis to the central 
region of the koκ(t)/a2 vs. 1/T curve, corresponding to 
c(λ) from approximately 0.1 to 0.9. 
The addition of normally distributed noise (curve (b)), 
at a level of 2.5% of  the peak value, plus 2.5% of 
"measurement", leads to deviations of ko/a2, and of Ed 
of the order of  1 and 2%, respectively. Then, in addi-
tion to the previous noise, both the initial and final 
times for the integration in Eq. (18) have been taken at 
a release rate of 5% of the maximum value. In this 
case, a 1.5 % error appears in Uo, leading to 2, and 3% 
error in Ed, and ko/a2, respectively. 
The derivative dln(λ)/dT is particularly sensitive to 
noise. This can be controlled, at each experimental 
time, by fitting a quadratic polynomial to several points 
(more than 3) around that specific time, and calculating 
the derivative from the polynomial fit. The resulting 
derivative is seen to be highly noise immune if 9 points 
are used for the fit, over a curve in which the peak is 
spread over 120 points at half height. 
The present method can be extended to systems other 
than the initially uniformly charged spherical pebbles, 
considered here, as long as the released charge curve 
can be calculated as a function of koΛ(t). 
In summary, a recollection of the theory of diffusion 
out of spherical pebbles has been presented, leading to 
the analytical analysis of experimental data following 
arbitrary temperature schedules. Highly accurate 
approximations have been introduced facilitating the 
numerical calculations, and providing additional insight 
on the physical behavior over most of the release peak. 
A method is exemplified to extract the diffusion 
kinetics from a single linear heating ramp experiment. 
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